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ABSTRACT

Accurate spatial prediction remains challenging in heterogeneous environments where 
environmental variables exhibit nonlinear, multiscale, and non-Gaussian characteristics. 
Traditional kriging methods rely on simple trend models that cannot adequately 
capture nonlinear and multiscale spatial structures, leading to degraded prediction 
performance under complex conditions. This study proposes a singularity regression 
kriging (SRK) model that explicitly incorporates singularity-based anomaly features 
derived from environmental covariates into random forest trend estimation, followed 
by ordinary kriging of the resulting residuals. By computing covariate singularity indices 
at multiple spatial scales, SRK captures local multiscale heterogeneity without requiring 
response observations at prediction locations, ensuring robust generalisation under 
spatial block cross-validation. Simulation experiments demonstrate that SRK consis
tently improves prediction accuracy relative to ordinary kriging, with particularly 
significant improvements under skewed and long-tailed distributions. The SRK model 
is implemented in trace element (Zn and Co) mapping in a mineralised region of 
Western Australia and evaluated using spatial block cross-validation and parameter 
sensitivity analysis. Compared with common approaches, including ordinary kriging, 
regression-based methods, and machine-learning approaches, SRK produces more 
coherent spatial patterns and reduced prediction uncertainty. These results indicate 
that explicitly incorporating covariate singularity features into trend estimation 
enhances both the accuracy and reliability of spatial predictions in heterogeneous 
environments.
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1. Introduction

Spatial prediction constitutes a central analytical task across diverse scientific domains, including Earth 

sciences, environmental science, ecology, agricultural resource management, and public health (Austin 

2002; Böhner 2005; Böhner and Selige 2006; Jerrett, Gale, and Kontgis 2010; Li 2016; Ren et al. 2025; Sen 

2016). The primary objective is to generate reliable inferences of continuous spatial variables at unobserved 

locations based on a limited set of sampled observations, thereby elucidating the underlying spatial 

patterns and mechanistic drivers of geophysical or ecological processes (Meyer and Pebesma 2021; 

Selby and Kockelman 2013). High-quality spatial predictions are essential for ecosystem monitoring, natural 

resource assessment, environmental risk early-warning systems, and evidence-based decision-making in 

land-use planning, precision agriculture, air and soil pollution mitigation, exposure assessment in public 

health, and sustainable urban development (Dadashpoor, Azizi, and Moghadasi 2019; Janssen et al. 2008; 

Jones and Thornton 2002; Kingsley et al. 2019; Liu, Wu, and Xu 2006; Sparrow et al. 2020; Waller and Gotway 

2004; Xu et al. 2025).

Among the range of spatial interpolation techniques, regression kriging (RK) has emerged as one of the 

most widely adopted geostatistical methods due to its optimal linear unbiased prediction properties 

under certain assumptions (Hengl, Heuvelink, and Stein 2004; Papritz and Stein 1999). RK operates by 
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decomposing a spatial variable into a deterministic trend component and a stochastic residual component, 

with the latter modelled through spatial autocorrelation structures captured by variograms (Isaaks and 

Srivastava 1988; Wu and Li 2013). The eBcacy of RK critically hinges on the accurate removal of large-scale 

trends (detrending) and the assumption that the residuals exhibit stationarity, i.e. their statistical properties 

remain constant across space (Hengl, Heuvelink, and Rossiter 2007; Holdaway 1996). When these conditions 

are satisfied, RK can eDectively leverage spatial dependence to yield precise predictions at unsampled 

locations (Odeh, McBratney, and Chittleborough 1995; Papritz and Stein 1999).

Despite their widespread use, traditional kriging methods face significant limitations when faced with 

complex spatial datasets characterised by nonlinear trends and multiscale heterogeneity (Milne 1991; Vann 

and Guibal 1998). Conventional detrending approaches, such as linear or polynomial regression, often fall 

short in adequately capturing intricate nonlinear trends inherent in many environmental and geophysical 

processes (Beale et al. 2010; Yang et al. 2025). Consequently, the residuals obtained after detrending 

frequently retain substantial nonlinear and nonstationary structures (Kupfer and Farris 2007). This mis

alignment can lead to suboptimal prediction performance, as the spatial dependence model may not 

accurately reflect the true underlying variability (Luo et al. 2026a; Song et al. 2021). While various 

enhancements to kriging have been proposed, including the integration of machine learning techniques 

for trend estimation, recent studies have more explicitly advanced geostatistical machine learning for 

spatial prediction through spatial random forests, random-forest-based spatial interpolation, locally varying 

geostatistical machine learning, and other hybrid approaches that incorporate spatial dependence or local 

variation into the predictive framework (Chen et al. 2026; Fouedjio and Arya 2024; Fouedjio and Klump 

2019; Liu, Kounadi, and Zurita-Milla 2022; Sekulić et al. 2020; Talebi et al. 2022). More recent studies have 

also explored alternative strategies for modelling complex and non-stationary spatial dependence, includ

ing deep-learning-based approaches and filtering/interpolation methods that relax the conventional 

stationarity assumption (Bao et al. 2024; Yang et al. 2024). Nevertheless, many existing approaches primarily 

focus on improving predictive performance by incorporating spatial features or local modelling structures, 

whereas the potential to improve residual quality within an interpretable regression-kriging approach by 

explicitly incorporating multiscale anomaly information derived from environmental covariates remains 

insuBciently explored (Hengl et al. 2018; Li et al. 2019).

This study proposes a singularity regression kriging (SRK) model for spatial prediction by enhancing 

trend estimation with covariate singularity features. The primary processes of SRK include computing 

singularity-based anomaly indices from environmental covariates at multiple spatial scales, estimating the 

spatial trend using a random forest model fitted on the augmented feature matrix of original covariates and 

their singularity indices, and interpolating the resulting residuals with ordinary kriging to generate final 

spatial predictions. Unlike conventional geostatistical machine-learning approaches that mainly rely on 

original covariates or generic spatial features, SRK explicitly incorporates multiscale singularity information 

derived from environmental covariates into the trend estimation stage. In this study, SRK is implemented 

for predicting the spatial distributions of Zn and Co in a mining region of Australia, and its performance is 

evaluated through simulation experiments and a real-data case study.

2. Singularity regression kriging

2.1. Concepts

Regression kriging (RK) decomposes a spatial variable into a deterministic trend component and a 

stochastic residual component, and relies on stationarity assumptions to model spatial dependence in 

the residuals (Luo, Wu, and Song 2026b; Odeh, McBratney, and Chittleborough 1995). However, in complex 

environments, residuals often retain multiscale and nonlinear spatial structures that are insuBciently 

captured by conventional detrending approaches, leading to degraded kriging performance. To address 

this limitation, we introduce a singularity regression kriging (SRK) model that incorporates singularity-based 

anomaly indices derived from environmental covariates into the random forest feature set for trend 

estimation. For each covariate, a singularity index is computed by measuring local multiscale contrast 

across a range of spatial scales. These singularity indices capture spatial heterogeneity and anomalous 

behaviour that is not readily represented by the original covariate values alone. By augmenting the 
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covariate set with corresponding singularity features, the random forest trend estimator is better equipped 

to explain spatially structured variation, resulting in residuals that are closer to stationary and therefore 

more amenable to ordinary kriging interpolation.

2.2. SRK model

The SRK model is designed for spatial prediction by integrating covariate singularity feature construction, 

nonlinear trend estimation via random forest, and geostatistical interpolation of residuals. Traditional 

kriging approaches, particularly ordinary kriging (OK), assume a constant mean and therefore cannot 

explicitly represent complex spatial trends (Cressie 1988; Oliver and Webster 1990), while RK typically 

relies on linear trend models and may leave nonlinear structures in the residuals (Hengl, Heuvelink, and 

Rossiter 2007; Hengl, Heuvelink, and Stein 2004). SRK addresses these limitations by enhancing trend 

estimation with multiscale singularity features so that the remaining residuals become closer to stationary 

and more suitable for ordinary kriging, ultimately improving spatial prediction accuracy.

Let D denote the study domain, and let Dsi , i n= 1 ,…, , denote sampled locations, with Ds0

denoting an unsampled prediction location. The target variable observed at si is denoted by Z s( )i . The 

original predictor variables are denoted by X s( )k , k p= 1 ,…, , where p is the number of predictors and n is 

the number of observed samples. In this study, the predictor variables are assumed to be available across 

the prediction domain so that singularity features and trend estimates can be evaluated at unsampled 

locations.

2.2.1. Singularity feature construction

The first step constructs singularity-based anomaly indices from environmental covariates. For each 

covariate Xk , k p= 1 ,…, , the singularity index s( )k is defined through the local scaling behaviour of the 

covariate measure within neighbourhoods of increasing size (Cheng 2012, 2017, 2018). In a two- 

dimensional spatial domain, the theoretical singularity relationship can be written as:

C A r rs( ( , )) ,k
s( ) 2k (1) 

where C A rs( ( , ))k denotes the local covariate intensity of Xk within the neighbourhood A rs( , ), r is the 

spatial scale, and 2 is the Euclidean dimension of the spatial domain. The singularity index s( )k therefore 

characterises how the local covariate intensity changes with scale around location s. In this study, 

C A rs( ( , ))k is estimated by the mean absolute covariate value within the square window A rs( , ) centred 

at s:

C A r
A r

Xs

s

s( ( , )) =
1

| ( , )|
| ( )|,k

A r

k

s s( , )
(2) 

where s denotes a reference point within the window and A rs| ( , ) | denotes the number of such reference 

points.

Repeating this computation across a set of scales r r r< < < J1 2 yields a log-log linear model:

C A r r c es s slog ( ( , )) = ( ( ) 2)log + ( ) + ,k k k k r, (3) 

where c s( )k is a local intercept term and ek r, is a scale-specific residual term. The singularity index is 

estimated as the fitted slope of this log-log regression plus two:

s s( ) = ˆ ( ) + 2,k k1, (4) 

where sˆ ( )k1, is the ordinary least-squares slope of C A rslog ( ( , ))k on rlog across the selected spatial scales. 

The value s( ) = 2k corresponds to a spatially uniform field and serves as a neutral reference; s( ) < 2k

indicates local enrichment (positive anomaly), and s( ) > 2k indicates local depletion. Locations where an 

insuBcient number of valid scales are available are assigned the neutral value of 2.

As singularity indices are computed from covariates rather than from response observations, they can be 

evaluated at any spatial location, including unsampled prediction locations. This property ensures that the 
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anomaly features remain well-defined under spatial cross-validation schemes that withhold geographically 

contiguous test blocks. To avoid near-constant singularity features that add noise rather than signal, 

features with training-set standard deviation below a minimum threshold are excluded from the aug

mented feature set.

2.2.2. Trend estimation

The second step fits a random forest model using the original covariates augmented with the singularity 

features retained after the standard-deviation filter. Let q p denote the number of retained singularity 

features, indexed over the selected subset of covariates after variance filtering. The augmented feature set 

at location si is:

F( X Xs s s s s) = { ( ),…, ( ), ( ) ,…, ( )},i i p i k i k i1 q1 (5) 

where k k p,…, {1 ,…, }q1 are the indices of the covariates whose singularity features passed the variance 

filter.

A random forest model (Breiman 2001) is trained on the augmented feature set to estimate the spatial 

trend:

F(gs sˆ ( ) = ( )),i i (6) 

where g ( ) denotes the fitted random forest model. The corresponding residuals are:

Zs s s( ) = ( ) ˆ ( ).i i i (7) 

As the singularity-augmented random forest absorbs both the covariate-driven trend and the multiscale 

anomaly structure, the residuals s( )i are expected to be closer to spatial stationarity than residuals 

obtained from a conventional random forest fitted on the original covariates alone.

2.2.3. Residual kriging and prediction

The third step applies ordinary kriging to the sampled residuals s( )i . A variogram model is first fitted to 

characterise the spatial covariance structure of the residuals. The ordinary kriging predictor at an 

unsampled location s0 is then:

s sˆ ( ) = ( ),
i

n

i i0

=1

(8) 

where the weights i are obtained by solving the ordinary kriging system subject to the unbiasedness 

constraint = 1i
n

i=1 . The final SRK prediction at location s0 is:

Z s s sˆ ( ) = ˆ ( ) + ˆ ( ),0 0 0 (9) 

where F(gs sˆ ( ) = ( ))0 0 is the singularity-augmented random forest trend evaluated at the prediction 

location. The prediction uncertainty is quantified by the kriging standard error:

s s( ) = ( ) ,K0
2

0 (10) 

where s( )K

2
0 is the kriging variance obtained directly from the ordinary kriging system.

2.3. Simulation data analysis

2.3.1. Simulation design

As an initial evaluation, the predictive performance of the proposed SRK model was assessed under 

controlled conditions using simulated data generated on a regular 20 × 20 grid. A spatially autocorrelated 

base field was first simulated using a spherical variogram model, and an auxiliary covariate field was then 

constructed to maintain a strong but imperfect spatial association with the response field. Based on these 

two base fields, three simulation scenarios were designed to represent increasing levels of distributional 
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complexity. These experiments were intended as controlled illustrative tests for examining the robustness 

of SRK under diDerent distributional conditions, rather than for reproducing a fully realistic large-scale 

geological system. The exact implementation details, including the simulated data-generation code, model 

computation workflow, and plotting scripts, are provided in the public code repository accompanying this 

study.

The first scenario retained the shifted base fields and therefore approximated a normal spatial distribu

tion, serving as a baseline case that is broadly consistent with the assumptions of conventional kriging. The 

second scenario applied a nonlinear transformation to generate a positively skewed distribution, while the 

third scenario applied a stronger nonlinear transformation to produce a long-tailed distribution with more 

extreme heterogeneity. Figure 1 shows the spatial patterns and corresponding histograms of these three 

simulated datasets, with panels (a), (b), and (c) representing the normal, skewed, and long-tailed cases, 

respectively. Together, these scenarios provide a systematic basis for evaluating the performance of SRK 

across spatial fields with progressively stronger non-Gaussianity and nonlinearity.

To evaluate the predictive performance of the SRK model, three standard statistical metrics were 

employed for the validation data: the coeBcient of determination (R2), the root mean square error 

(RMSE), and the mean absolute error (MAE). These metrics are calculated as follows:

R

y y

y y

= 1

( ˆ )

( ¯ )

i

n

i i

i

n

i

2 =1

2

=1

2

(11) 

RMSE
n

y y=
1

( ˆ )
i

n

i i
=1

2 (12) 

MAE
n

y y=
1

| ˆ |
i

n

i i
=1

(13) 

where yi denotes the observed value in the validation data, ŷi indicates the corresponding predicted value, 

y is the mean of the observed validation values, and n represents the number of validation observations.

Figure 1. Spatial distributions and histograms of the three simulated datasets: (a) normal, (b) skewed, and (c) long-tailed.
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2.3.2. Simulation results

Figure 2 illustrates the SRK modelling process across the three simulation scenarios. The covariate 

singularity maps reveal clear spatial heterogeneity that aligns with the distributional structure of the 

simulated response variable, indicating that singularity indices computed from covariates eDectively 

capture local anomalous behaviour. The scatter plots in Figure 2(b), (f), and (j) show that singularity 

features exhibit structured relationships with the response variable, confirming their informative value as 

augmented predictors. Variable importance charts in Figure 2(c), (g), and (k) indicate that the singularity 

features contribute substantially to random forest predictions, with their relative importance increasing 

under skewed and long-tailed distributions. The cross-validation scatter plots in Figure 2(d), (h), and (l)

demonstrate that SRK predictions are generally closer to the 1:1 line than ordinary kriging, with visibly 

reduced dispersion, and the improvement becomes more evident as the distribution departs further from 

normality.

Table 1 summarises the predictive performance of SRK relative to OK across the three simulated datasets. 

Across all scenarios, SRK consistently outperforms OK. For the normal, skewed, and long-tailed datasets, SRK 

increases R2 by 0.096 (11.0%), 0.133 (16.0%), and 0.204 (27.8%), respectively, while reducing RMSE by 0.189 

(52.4%), 0.199 (55.0%), and 0.093 (52.5%). Similar improvements are also observed for MAE. The magnitude 

of improvement generally increases as the distribution departs further from Gaussian assumptions, 

indicating that SRK is particularly eDective under skewed and long-tailed conditions, where the 

singularity-augmented random forest trend estimator is better able to capture complex spatial structures 

than ordinary kriging.

Figure 2. Illustration of the SRK modelling process using three simulated datasets, including the normal (a–d), skewed 
(e–h), and long-tailed (i–l) cases, showing the spatial distribution of the covariate singularity index (a, e, i), the relationship 
between the singularity index and the response variable for training samples (b, f, j), the random forest variable 
importance comparing original covariate and singularity features (c, g, k), and comparisons between SRK and ordinary 
kriging predictions (d, h, l).
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Table 1. Performance comparison between ordinary kriging (OK) and singularity regression kriging (SRK) across 
simulated spatial datasets.

R2 RMSE MAE

Simulation spatial data OK SRK (abs, %) OK SRK (abs, %) OK SRK (abs, %)

Dataset 1: Normal distribution 0.876 0.972 +0.096 ( 11.0%) 0.361 0.172 −0.189 ( 52.4%) 0.284 0.137 −0.147 ( 51.5%)
Dataset 2: Skewed distribution 0.833 0.966 +0.133 ( 16.0%) 0.361 0.162 −0.199 ( 55.0%) 0.265 0.120 −0.145 ( 54.8%)
Dataset 3: Long-tail distribution 0.736 0.940 +0.204 ( 27.8%) 0.178 0.085 −0.093 ( 52.5%) 0.107 0.056 −0.051 ( 48.0%)

Note: reports the absolute difference first and the relative percentage change in parentheses for SRK relative to OK. 

Figure 3. Study area in Western Australia (b), lithological distribution (a), and spatial distributions of Zn (c) and Co (d) 
samples within the study area.
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3. Application: spatial prediction of trace elements

3.1. Study area and data

In this study, the SRK model is implemented to predict the spatial distributions of trace elements (Zn and 

Co) in a mining region of Western Australia characterised by pronounced lithological heterogeneity 

(Figure 3(b)). Geochemical data for two trace elements, Zn (n = 1105) and Co (n = 998), were obtained 

from the GSWA Geochemistry database (DMIRS-047) (Department of Energy et al. 2019). The spatial 

distributions of these samples (Figure 3(c) and (d)) exhibit clear clustering patterns, indicating strong 

geological controls on trace element enrichment.

To represent the key environmental factors governing trace element variability, a set of lithological and 

topographic covariates was assembled for spatial modelling. Lithological information was sourced from 

Geoscience Australia and represents the dominant parent material across the study area (Geoscience 

Australia 2012), as illustrated in Figure 3(a). In addition, topographic variables including elevation, slope, 

and aspect were derived from a Digital Elevation Model (DEM) (Geoscience Australia 2015) to capture 

terrain-related redistribution processes. Structural features such as faults were not considered, as no 

mapped fault systems occur within the defined study extent (Raymond et al. 2012).

3.2. Experiment design

The experimental workflow for predicting trace element concentrations was structured into three distinct 

phases: data preprocessing and variable selection, singularity-augmented trend modelling and residual 

kriging, and comprehensive model validation. The overall methodological workflow is illustrated in 

Figure 4.

3.2.1. Data preprocessing and variable selection

The initial phase focused on standardising the input datasets and selecting optimal covariates. While 

topographic variables (e.g. elevation, slope) are naturally continuous, lithological data are categorical vector 

polygons. To quantify the spatial influence of lithology on geochemical dispersion and incorporate it into 

the regression models, we constructed a continuous proximity variable for each target lithological unit 

using a truncated linear decay function (Luo, Wu, and Song 2026b; Song 2023):

x

L

L d L

L d L

s

s

s s

s s

( ) =

1, ,

1 , and 0 < ( , ) 10 km,

0, and ( , ) > 10 km,

d Ls( , )

10km

l

m

ooooo

n

ooooo

(14) 

where L denotes the target lithological unit, s is the target location, and d Ls( , ) is the shortest Euclidean 

distance from s to the boundary of L when s lies outside the lithological unit. Thus, the proximity variable is 

defined as 1 for locations inside the target lithological unit, decreases linearly to 0 within a 10 km external 

buDer, and is set to 0 beyond this distance (Song 2022, 2023).

Following this transformation, a Spearman correlation analysis was conducted to examine the relation

ships between trace elements and the candidate covariates. Only variables showing statistically significant 

correlations (p < 0.05) were retained for the subsequent modelling phase.

3.2.2. Singularity feature engineering and trend modelling

In the second phase, the SRK model was used to predict the spatial distributions of Zn and Co by 

integrating covariate singularity feature construction, random forest trend estimation, and residual kriging. 

For each predictor variable, singularity indices were computed from multiscale neighbourhoods of the 

covariate field following the formulation of (Cheng 2017). In this study, the singularity analysis was 

conducted over spatial scales ranging from 2 to 20 km at 2-km intervals. To ensure numerical stability, 

each scale was required to include at least three valid neighbouring samples, and at least two valid scales 

were required for singularity estimation. The resulting singularity indices were treated as covariate anomaly 

features and combined with the original predictors to form an augmented feature set. To avoid introducing 

near-constant singularity variables, only singularity features with a standard deviation greater than 0.5 were 
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retained. A random forest model with 500 trees was then fitted on the augmented feature set to estimate 

the spatial trend, and the resulting residuals were subsequently interpolated using ordinary kriging to 

generate the final spatial predictions. For the ordinary kriging step, variogram fitting was implemented 

using the autoKrige function in the R package automap, which automatically selects the variogram from 

Figure 4. Workflow of the singularity regression kriging (SRK) model for trace element prediction in a mining region.
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standard candidate model families provided by the package rather than specifying a single model a priori. 

Anisotropy was not explicitly tested or fitted, and the kriging interpolation was therefore performed under 

an isotropic assumption.

3.2.3. Model validation

In the final stage, model performance was evaluated through spatial block cross-validation (5-fold, 15 km 

block size) using multiple accuracy metrics, including the coeBcient of determination, root mean squared 

error, and mean absolute error. The predictive performance of the proposed SRK model was systematically 

compared with five benchmark methods, namely ordinary kriging (OK), inverse distance weighting (IDW), 

linear regression (LM), random forest (RF), and random forest kriging (RFK). Comparative analyses were 

conducted in terms of prediction accuracy, spatial prediction patterns, and associated uncertainty. In 

addition, a parameter sensitivity analysis was performed by varying the maximum singularity scale and 

the singularity feature selection threshold to examine the robustness of the SRK model under diDerent 

parameter settings. Additional evaluations, including uncertainty analysis and cross-section comparisons, 

were further employed to assess the robustness and practical applicability of the proposed model under 

complex spatial conditions.

4. Results

4.1. Data preprocessing and variable selection

Lithological variables were first screened based on the spatial distribution of lithological units and the 

distances between sample locations and lithological boundaries. Seven lithological types were initially 

considered (SS, HM, IFI, IMI, IV, MM, and RE; Figure 3(a)). RE occupies the majority of the study area, resulting 

in most samples being located within this unit and providing limited discriminatory information for spatial 

prediction; therefore, RE was excluded. IV and MM cover only very small areas and are sparsely distributed, 

suggesting a negligible influence on trace-element variability at the regional scale. Consequently, four 

lithological variables (SS, HM, IFI, and IMI) were retained for subsequent analyses.

For the selected lithological variables, distances from sample points to lithological surfaces were 

calculated and transformed using a linear truncation scheme, where values equal to 1 were assigned 

within lithological units, linearly decreasing to 0 with increasing distance up to 10 km, and set to 0 beyond 

this threshold. This transformation reflects the assumption that lithological influence on trace-element 

concentrations diminishes with distance and becomes negligible beyond 10 km. The same procedure was 

applied to prediction grids with a spatial resolution of 500 m. Terrain variables (slope, aspect, and elevation) 

were extracted directly from DEM-derived raster values at both sample and grid locations. For trace- 

element data (Zn and Co), multiple measurements at identical locations were averaged to ensure a single 

representative value per sample point.

4.2. Spearman correlation

Spearman correlation analysis was employed to examine the monotonic relationships between trace 

element concentrations and explanatory variables, including lithological and terrain factors (Figure 5). 

The results revealed distinct controlling factors for each element. Zn showed statistically significant 

associations (p < 0.05) with multiple predictors, including SS, IFI, and HM lithologies, as well as terrain 

variables (slope, aspect, and elevation). In contrast, Co was primarily associated with IFI, HM, and Elevation. 

Based on these statistically significant relationships, element-specific subsets of predictors were selected to 

reduce redundancy and enhance the explanatory power of subsequent spatial modelling.

4.3. Singularity feature engineering and residual analysis

The SRK model augments the predictor set with covariate singularity indices computed at multiple spatial 

scales, enabling the random forest trend estimator to capture local multiscale heterogeneity that is not 

represented by the original covariate values alone. Figure 6 presents the covariate singularity maps, random 
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forest variable importance, residual density comparisons, and relationships between singularity features 

and observed concentrations for Zn and Co. The singularity maps in Figure 6(a) and (e) reveal clear spatial 

heterogeneity, with elevated singularity values concentrated along lithological transition zones and 

mineralised belts, indicating that the singularity features capture spatially structured local anomalies 

beyond the information contained in the original covariates.

The variable importance charts in Figure 6(b) and (f) show that singularity features contribute 

substantially to the random forest trend estimation for both Zn and Co, with sv(hm) ranking among the 

most important predictors. At the same time, the residual density plots in Figure 6(c) and (g) indicate that 

SRK residuals are more concentrated around zero than those from the standard random forest model, 

suggesting reduced residual spread and improved suitability for subsequent ordinary kriging. The scatter 

Figure 5. Spearman correlation matrices between trace elements and explanatory variables for (a) Zn and (b) Co.

Figure 6. Analysis of covariate singularity features and residual improvement in the SRK model for Zn (a–d) and Co (e–h). 
(a, e) Spatial distributions of the selected covariate singularity feature, sv(hm). (b, f) Random forest variable importance, 
showing the relative contribution of original covariates and singularity features. (c, g) Residual density distributions for RF 
and SRK, illustrating the effect of singularity feature augmentation on residual concentration and spread. (d, h) 
Relationships between the singularity feature sv_hm and the observed element concentration, with the fitted trend 
line and correlation coefficient shown.
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plots in Figure 6(d) and (h) further confirm that the selected singularity feature is associated with observed 

Zn and Co concentrations, supporting its value as an informative augmented predictor in the SRK model.

4.4. Model validation

Spatial block cross-validation (5-fold, 15 km block size) was performed to evaluate the predictive accuracy 

of the SRK model against five benchmark models (OK, IDW, LM, RF, and RFK). Table 2 summarises the cross- 

validation metrics, where the rows “ vs SRK” report both the absolute diDerences and the relative 

percentage changes. For Zn, SRK achieved the best overall performance (R = 0.343
2 , RMSE = 21.54, 

MAE = 15.28), improving upon RFK by 0.003 in R2 (0.9%) and reducing RMSE by 0.06 (0.3%), although 

MAE was slightly higher by 0.10 (0.7%). Relative to OK, SRK improved R2 by 0.282 (466.8%), reduced RMSE 

by 4.18 (16.3%), and reduced MAE by 3.98 (20.6%). For Co, SRK also ranked first (R = 0.353
2 , RMSE = 10.45, 

MAE = 6.47), increasing R2 by 0.008 (2.3%) and reducing RMSE by 0.03 (0.3%) relative to RFK, while MAE was 

slightly higher by 0.06 (0.9%). Compared with OK, SRK improved R2 by 0.205 (138.5%), reduced RMSE by 

1.59 (13.2%), and reduced MAE by 1.56 (19.4%). Overall, these results indicate that SRK critically improves 

upon the conventional geostatistical benchmarks and provides modest but stable improvements over the 

covariate-based RF and RFK benchmarks under spatial block cross-validation.

Following cross-validation, a parameter sensitivity analysis was conducted to examine the robustness of 

the SRK model to diDerent combinations of maximum singularity scale and singularity feature selection 

threshold (Figure 7). The heatmaps in Figure 7 show that model performance remains relatively stable 

across a wide range of parameter settings for both Zn and Co, with only modest variation in mean R2 and 

RMSE. For Zn, the highest mean R2 was obtained at a maximum scale of 10 km. A comparable pattern was 

observed for Co, where the best-performing parameter combination also diDered only slightly from the 

baseline. The relative-change analysis in Figure 7(e) further indicates that most parameter combinations 

result in changes within approximately ± 5% of the baseline for both R2 and RMSE, confirming that SRK is 

not overly sensitive to moderate parameter perturbations. These results suggest that the proposed SRK 

model is robust and that the selected baseline parameter setting provides a reasonable balance between 

predictive accuracy and model stability.

The observed–predicted scatter plots in Figure 8 illustrate the predictive relationships for Zn and Co 

obtained from SRK and the five benchmark models. Overall, the point clouds of SRK are more closely 

aligned with the 1:1 line than those of OK, IDW, and LM, indicating better agreement between predictions 

and observations. This pattern is also reflected in the R2 values shown in the panels. For Zn, SRK achieves 

the highest R2 (0.343), slightly exceeding RFK (0.340) and RF (0.330), while for Co, SRK again ranks first with 

an R2 of 0.353, compared with 0.345 for RFK and 0.342 for RF. In contrast, OK shows the lowest R2 values for 

both Zn and Co, suggesting the weakest predictive consistency. These scatter plots suggest that SRK 

provides slightly stronger observed–predicted agreement than the other compared models, although the 

diDerence relative to RF and RFK is modest.

Spatial prediction maps for Zn and Co derived from SRK and the five benchmark models are shown in 

Figure 9. Overall, the SRK maps show clearer spatial structure and more coherent enrichment patterns than 

Table 2. Performance comparison of six spatial prediction models for Zn and Co. Values of R2, RMSE, and MAE are based 
on 5-fold spatial block cross-validation with a block size of 15 km. For each benchmark model, the row “ vs SRK” reports 
the absolute difference followed by the relative percentage change in parentheses.

Zn Co

Model R2 RMSE MAE R2 RMSE MAE

SRK 0.343 21.54 15.28 0.353 10.45 6.47
OK 0.061 25.72 19.26 0.148 12.04 8.03

vs SRK +0.282 ( 466.8%) −4.18 ( 16.3%) −3.98 ( 20.6%) +0.205 ( 138.5%) −1.59 ( 13.2%) −1.56 ( 19.4%)
IDW 0.186 23.86 18.10 0.266 11.15 7.42

vs SRK +0.157 ( 84.2%) −2.32 ( 9.7%) −2.82 ( 15.6%) +0.087 ( 32.7%) −0.70 ( 6.3%) −0.95 ( 12.8%)
LM 0.260 22.74 16.58 0.237 11.33 7.48

vs SRK +0.083 ( 31.9%) −1.20 ( 5.3%) −1.30 ( 7.8%) +0.116 ( 48.9%) −0.88 ( 7.8%) −1.01 ( 13.5%)
RF 0.330 21.76 15.46 0.342 10.50 6.46

vs SRK +0.013 ( 4.0%) −0.22 ( 1.0%) −0.18 ( 1.2%) +0.011 ( 3.2%) −0.05 ( 0.5%) +0.01 ( 0.1%)
RFK 0.340 21.60 15.18 0.345 10.48 6.41

vs SRK +0.003 ( 0.9%) −0.06 ( 0.3%) +0.10 ( 0.7%) +0.008 ( 2.3%) −0.03 ( 0.3%) +0.06 ( 0.9%)
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Figure 7. Sensitivity analysis of the SRK model under different parameter combinations for Zn and Co. (a, c) Heatmaps of 
mean R2 for Zn and Co, respectively, across combinations of maximum singularity scale and singularity feature selection 
threshold. (b, d) Heatmaps of mean RMSE for Zn and Co, respectively, under the same parameter settings. (e) Relative 
changes in R2 and RMSE with respect to the baseline parameter settings with the maximum singularity scale of 20 km and 
singularity selection threshold of 0.5 for Zn and Co, with dashed lines indicating the ± 5% range used to assess model 
robustness.
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the conventional geostatistical methods. OK and LM produce overly smooth surfaces, whereas IDW 

generates fragmented local artefacts around sample locations. RF and RFK recover more spatial detail, 

but the SRK predictions appear more balanced in preserving both regional continuity and local heteroge

neity. These visual patterns suggest that incorporating covariate singularity features helps SRK better 

reproduce realistic spatial variation in trace-element distributions.

Figure 8. Comparisons between observations and predictions of Zn and Co concentrations for the validation data under 
spatial block cross-validation of the SRK and benchmark models (OK, IDW, LM, RF, and RFK).

Figure 9. Spatial predictions of trace elements, Zn (a) and Co (b), in the study area using the SRK model and benchmark 
methods (OK, IDW, LM, RF, and RFK). For each element, the six prediction maps are displayed using a unified colour scale 
to ensure direct visual comparability across models.
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A horizontal cross-section at y = 3733945 m is used in Figure 10 to compare the predicted Zn and Co 

concentrations among SRK and the benchmark models. Overall, the SRK profiles show clearer local variation 

than OK and LM, while remaining less fragmented than IDW. RF and RFK capture similar spatial fluctuations, 

but the SRK curves appear slightly more coherent along the transect. These patterns suggest that SRK 

provides a more balanced representation of regional continuity and local heterogeneity in cross-section 

predictions.

Figure 11 compares the prediction uncertainty of RFK and SRK for Zn and Co. For both elements, the 

uncertainty maps show that SRK produces consistently lower uncertainty than RFK across the study area, 

which is also reflected in the probability density curves shifting towards smaller values and in the lower 

mean uncertainty levels of SRK. The diDerence maps, defined as Δ=δRFK−δSRK, are uniformly positive, 

further confirming that SRK yields lower uncertainty than RFK at nearly all prediction locations. These results 

indicate that SRK produces lower kriging-based prediction uncertainty than RFK under the current 

modelling framework, although formal calibration of prediction intervals remains an important direction 

for future evaluation.

5. Discussion

This study introduces the singularity regression kriging (SRK) model as a spatial prediction approach 

designed to improve trend estimation in environments characterised by nonlinearity and multiscale 

heterogeneity. Rather than relying solely on the original covariates, SRK augments the random forest 

trend model with singularity-based covariate features that capture local multiscale contrast and anomaly- 

related structure. In this way, more spatially structured variation can be absorbed before kriging, potentially 

producing residuals that are more concentrated and more amenable to ordinary kriging interpolation. By 

modelling these structures prior to kriging, SRK creates more favourable statistical conditions for geosta

tistical interpolation.

Figure 10. Comparisons of predicted Zn and Co concentrations derived from SRK and benchmark models along a 
horizontal cross-section at y = 3733945 m in the study area.
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A key contribution of SRK is the integration of singularity-based anomaly indices into the random forest 

feature set. These singularity features provide a process-aware description of local heterogeneity that is not 

readily represented by conventional covariates alone. By incorporating such features into the trend model, 

SRK enhances the ability of the regression component to capture nonlinear and spatially structured 

variation in the response field. The simulation experiments further show that the benefits of SRK are 

most evident under skewed and long-tailed conditions, where conventional kriging assumptions are more 

likely to be violated. This suggests that SRK is not intended to replace traditional kriging in all settings, but 

rather to extend its applicability to more complex spatial prediction problems. Thus, SRK is eDective when 

the target variable is aDected by nonlinear covariate relationships, multiscale spatial structures, and local 

anomaly patterns that are not fully represented by the original predictor values. These conditions are 

common in heterogeneous geological and environmental settings, particularly where the response distri

bution is skewed, long-tailed, or locally enriched. Under such conditions, covariate singularity features may 

provide additional information for trend estimation and reduce the amount of structured variation left for 

residual kriging.

The application to trace element mapping in Western Australia further illustrates the practical value of 

SRK in heterogeneous geological environments. The residual density comparison in Figure 6 further shows 

that the residuals from SRK are more concentrated around zero than those from the standard RF model, 

supporting the role of singularity features in improving the residual structure before kriging. Compared 

with benchmark methods, SRK produces spatial predictions with more coherent anomaly patterns and 

smoother transitions while avoiding excessive local oscillations. More importantly, SRK consistently reduces 

prediction uncertainty across the study area, as evidenced by both spatial uncertainty maps and probability 

density distributions. This reduction in kriging-based uncertainty suggests that singularity-augmented 

trend modelling may improve the stability of spatial predictions, although lower uncertainty values should 

not be interpreted as formal evidence of calibrated prediction intervals.

Figure 11. Uncertainty analysis and comparison between the SRK and RFK models for Zn and Co prediction. (a, d) Spatial 
distributions of prediction uncertainty derived from the RFK and SRK models for Zn and Co, respectively. (b, e) Probability 
density distributions of uncertainty values for RFK and SRK, with dashed lines indicating mean uncertainty levels. (c, f) 
Spatial differences in uncertainty, defined as = RFK SRK , where positive values indicate lower uncertainty for SRK 
than for RFK.
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Despite its advantages, several limitations of SRK should be acknowledged. First, SRK may be less suitable when 

relevant covariates are unavailable, when covariate singularity features show weak association with the response, 

or when the study area exhibits limited spatial heterogeneity. In such cases, the singularity features may add little 

information beyond the original covariates, and simpler methods such as RF, RFK, or conventional kriging may be 

suBcient. Second, the computation of singularity indices involves multiscale neighbourhood analysis, which 

increases computational cost relative to RF and RFK, especially for large prediction grids or many covariates. In 

the present implementation, this additional cost is mainly associated with singularity feature construction, whereas 

the subsequent random forest fitting and residual kriging follow standard modelling procedures. In addition, 

model performance can be influenced by the choice of singularity-scale parameters, although these were found to 

be relatively stable in the present study. Another issue concerns the potential mismatch in support among point 

samples, environmental covariates, and the 500-m prediction grid. Although this resolution was considered 

appropriate for the current study area, sampling density, and predictor detail, support eDects related to sample 

clustering and distance-based geological covariates may still influence local prediction behaviour. In addition, 

although the present study compares SRK with several widely used benchmark methods, further comparisons 

with alternative non-stationary spatial interpolation approaches, such as filtering-based methods that do not rely 

on the conventional stationarity assumption, would be a valuable direction for future research. Future research 

could also explore adaptive or data-driven strategies for parameter selection, evaluate support eDects more 

explicitly across multiple prediction resolutions, extend the approach to spatio-temporal contexts, or investigate 

alternative anomaly descriptors. Overall, SRK provides a flexible and extensible approach for spatial prediction in 

complex environments characterised by nonlinearity, multiscale heterogeneity, and anomalous behaviour.

6. Conclusion

This study proposed the singularity regression kriging (SRK) model as a new spatial prediction model that 

enhances conventional kriging by augmenting trend estimation with covariate singularity features so that 

nonlinear and multiscale structures are absorbed before kriging. By augmenting the random forest feature set 

with covariate-based singularity indices and applying ordinary kriging to the resulting residuals, SRK systematically 

improves the stationarity of residuals prior to kriging. Simulation experiments demonstrated that SRK consistently 

outperforms ordinary kriging, with particularly pronounced gains under skewed and long-tailed distributions that 

violate Gaussian assumptions. Application to trace element prediction in a mineralised region of Western Australia 

further showed, under 5-fold spatial block cross-validation, that SRK produces more coherent spatial patterns, 

modestly improved predictive performance relative to RF and RFK, and reduced prediction uncertainty. Parameter 

sensitivity analysis further indicated that the model is robust to moderate changes in singularity-scale settings. 

These results indicate that explicitly incorporating covariate-based singularity features into trend estimation is 

important for reliable spatial prediction in heterogeneous geological environments. The SRK model is flexible and 

extensible, and can be readily applied to other environmental and geoscientific variables characterised by strong 

nonlinearity, multiscale heterogeneity, and complex spatial dependence.
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