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ABSTRACT
Spatial heterogeneity refers to uneven distributions of geograph-
ical variables. Spatial interpolation methods that utilize spatial
heterogeneity are sensitive to the way in which spatial heterogen-
eity is characterized. This study developed a Generalized
Heterogeneity Model (GHM) for characterizing local and stratified
heterogeneity within variables and to improve interpolation
accuracy. GHM first divides a study area into multiple spatial
strata according to the sample values and locations of a variable.
Then, GHM estimates simultaneously the spatial variations of the
variable within and between the spatial strata. Finally, GHM inter-
polates unbiased estimates and uncertainty at unsampled loca-
tions. We demonstrated the GHM by predicting the spatial
distributions of marine chlorophyll in Townsville, Queensland,
Australia. Results show that GHM improved both the overall inter-
polation accuracy across the study area and along strata bounda-
ries compared with previous interpolation models. GHM also
avoided bull’s eye patterns and abrupt changes along strata
boundaries. In future studies, GHM has the potential to be inte-
grated with machine learning and advanced algorithms to
improve spatial prediction accuracy for studies in broader fields.
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1. Introduction

Spatial prediction and interpolation play fundamental roles in geographic analysis

(Lam 1983, Mitas and Mitasova 1999, Song 2022). An effective understanding of the

characteristics of geographic variables guarantees the accuracy of the spatial interpol-

ation (Oliver and Webster 1990, Zhu et al. 2020). Spatial dependence and spatial het-

erogeneity lay the foundation for spatial interpolations (Goodchild 2004, Tobler 2004).

Geostatistical methods employ the spatial dependence of geographical variables for

spatial prediction (Matheron 1963, Kyriakidis and Goodchild 2006). In kriging interpol-

ation, widely used in geostatistics and comprising techniques such as ordinary kriging
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(OK) and simple kriging, geographic variables are assumed to have second-order spa-
tial stationarity for interpolation (Goovaerts 1997). Kriging assumes that the difference
between the values of a geographical variable in two locations is independent of their
locations but is only related to their distance (Goovaerts 1997). However, although the
spatial second-order stationary assumption is typically satisfied in small areas, it may
be weak in large areas with complex surfaces. Previous studies have developed meth-
ods to address the spatial non-homogeneity issue in interpolation tasks. For example,
kriging with external drift (KED) removes spatial non-homogeneity through continuous
drift (Hudson and Wackernagel 1994, Goovaerts 1997, Bourennane et al. 2000, Gao
et al. 2020). However, the spatial stratified non-homogeneity is difficult to eliminate,
owing to the continuous drift in the lower order (Chiles and Delfiner 2009).

Spatial non-homogeneity is often manifested by a geographic variable distributed
over several spatial strata, each with homogeneous values. Geographical variables
often show spatial stratification in the physical world, which is described as spatial
stratified heterogeneity (SSH) (Wang et al. 2010). The characteristics of SSH make it dif-
ficult to construct a stable and reasonable semivariance function across the region
(Gao et al. 2020). The spatial stratified strategy effectively predicts the spatial distribu-
tion at complex surfaces. SSH describes the geographical phenomenon that variable
distributes as many homogeneous spatial strata with different spatial means or varian-
ces (Song et al. 2018, 2020b, Zhang et al. 2022). SSH does not require the assumption
of spatial second-order stationarity in local heterogeneity. A few recent models have
considered SSH to improve spatial interpolation. For example, in the stratified kriging
(StK) algorithm, the entire study area is divided into several homogeneous strata, each
of which is then subjected to interpolation (Liu et al. 2021). However, the numerical
information of other strata is completely ignored when interpolating each stratum,
and a stratum may only have a limited number of observations after the spatial parti-
tion. Ignoring the data between strata leads to limited information for constructing an
accurate semivariogram and results in a loss of accuracy. In addition, the spatial div-
ision process and subsequent separate interpolation at each stratum may lead to
unreasonably sharp changes along the strata boundaries (Gao et al. 2020).

Spatial dependence is still present in geographic factors located between the differ-
ent strata, despite the existence of spatial stratification effect on a large scale (Song
and Wu 2021). Geographical differences between strata are usually gradual, and strati-
fication boundaries often manifest themselves as transition areas with certain widths
(Fortin et al. 1996, De Smith et al. 2007, Hutchings et al. 2022). Geographic factors in
transition areas usually have mixed characteristics with those of neighboring strata.
This phenomenon is prevalent in both geographic and socio-economic factors. First,
transition areas often exist between different strata of geographic factors, such as ele-
vation and soil moisture. For example, elevation tends to decrease slowly from the
plateau to the plain, creating a transition area. Second, spatial dependency between
strata is also widely presented in socio-economic factors, such as land use (Preston
1966, Chen et al. 2020), nighttime light (Ma et al. 2015), economic development level
(Erickson 1983) and population density (Luo et al. 2019). Significant differences exist
between cities at different levels of development and between urban and rural areas
(Hutchings et al. 2022). However, changes in the boundaries also tend to be gradual.
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For example, population density and socio-economic levels tend to decline slowly
from urban to rural areas, and there is a mixture of urban and rural characteristics at
the urban-rural border. In summary, at larger scales, the distribution of geographical
variables is spatially stratified, but there are usually continuous and gradual strata
boundaries. However, current spatial interpolation models do not consider this phe-
nomenon in geography.

The motivation of this study is to conduct accurate and reliable spatial prediction for
large-scale geographic environments, considering both the existence of spatial stratifica-
tion and spatial dependence at strata boundaries. A practical solution is to borrow infor-
mation from other strata to consider both the spatial stratification strategy to ensure
overall accuracy and reasonable estimates at the strata boundaries. Specifically, when per-
forming spatial interpolation for strata boundaries, it is essential to consider information
from different strata simultaneously. For example, when interpolating the population
density in an urban-rural transition area, both urban and rural areas provide the necessary
information. When interpolating elevations in the plains-plateau transition area, it is neces-
sary to consider that the elevation in this area has a mixed characteristic of plateaus
and plains.

With this motivation, two key issues need to be considered: the identification of
transition areas or boundary areas, and the method used to borrow information from
different areas. However, only a few studies have considered information borrowing to
interpolate, and no study has considered the region in which borrowed information is
needed. For example, a point mean of the surface with stratified non-homogeneity (P-
MSN) algorithm was proposed to conduct interpolation in a large marine area (Gao
et al. 2020). The study area was divided into several strata, and the semivariogram
between each pair of strata was estimated using OK. It does not consider the exist-
ence of transition areas between partitions and assumes that the contribution of infor-
mation from other regions to interpolation is offset by interference.

In summary, large-area stratified interpolation requires the process of bringing
information from other strata, but this process often introduces high uncertainty in
the result and leads to substantial computational cost. Therefore, trade-offs exist in
the amount of information obtained from the outside stratum. The main concern is
that observations from other strata or remote areas can introduce noise. We assume
nþ k observations in the study area, including n observations in the interpolated stra-
tum and k observations from other m strata. Previous studies have controlled the
trade-offs by arranging different weights for the n observations within the stratum
and k observations outside the stratum. This study provides a new method to auto-
matically borrow information from other strata without manually adjusting the
weights of different strata. The basic idea is to merge observations from each other
strata separately and fit the semivariogram between two parts: the observations in
the interpolated stratum and outside strata. Although all the observations from the
outside strata are used to solve the spatial dependence between different strata, each
stratum provides only one value in the fitted semivariogram. Thus, the uncertainty
from the outside strata is expected to be limited when the information is borrowed.
In addition, this approach reduces computational consumption and improves the
interpolation efficiency.
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Calculating the weights of other strata when conducting spatial interpolation was
an important task in this study. Areal interpolation algorithms, such as area-to-point
kriging (ATAP) and area-to-area kriging (ATAK) (Sadahiro 2000, Kyriakidis 2004,
Goovaerts 2010), were developed to estimate the weights of areas. These algorithms
were proposed to handle the interpolation of data at different scales and were used
to disaggregate areal data into spatial prediction at the levels of points and different
areas (Guan et al. 2011, Geddes et al. 2013, Hu and Huang 2020). Given its effective-
ness in representing the spatial association between different areas, it is reasonable to
believe that ATAK can be used to calculate the weights of other strata and character-
ize the spatial association between different strata.

In this study, a Generalized Heterogeneity Model (GHM) was developed. It combines
ATAK and OK for the interpolation of spatial second-order non-homogeneity areas
with high accuracy and efficiency. A specific geographical variable that presents spatial
stratified non-homogeneity in a complex surface is distributed over many spatially
homogeneous strata. Geographical variables that describe the same region exhibit
spatial dependence, whereas variables that describe different regions exhibit spatial
heterogeneity. The relationship between observations from different strata is repre-
sented by the relationship between strata. Thus, ATAK was introduced to characterize
the spatial dependence between different strata and construct the corresponding
semivariogram. In this way, information is borrowed while maintaining spatial depend-
ence inside the homogeneous stratum. In addition, most of the information from
other strata is noisy and interferes with interpolation accuracy. Using ATAK to charac-
terize the spatial dependence between different strata may address this problem,
because only the average value of each outside strata is considered in building the
semivariogram.

We demonstrated the GHM using spatial interpolation of marine chlorophyll in
Townsville, Queensland, Australia. Reliable and spatially continuous data on marine
environments are essential for the conservation of biodiversity. However, in most mar-
ine areas, only sparse and unevenly distributed point samples are available, which is
particularly pronounced in Australian marine regions (Li and Heap 2008). Therefore, it
is critical to develop effective interpolation models for marine environments (Elumalai
et al. 2017). Spatial interpolation in marine environments is challenging for two rea-
sons. First, the spatial second-order stationary assumption is easily violated in large-
area marine environments because of the highly dynamic movement of water masses
and the resulting uneven distribution of ocean components (Gao et al. 2015, 2020).
Stratification has been found and verified in marine environments (Bowman and
Esaias 1981). Effective spatial interpolation technology that considers SSH is necessary
for marine research. Second, spatial interpolation is a relatively difficult task in the
marine environment, compared to that for the land environment, because of the lack
of supporting explanatory variables. Without any supporting data, the mapping per-
formance relies on understanding the characteristics of geographic variables through
reasonable interpolation algorithms, which is an ideal case to verify the advantages of
the proposed GHM.

The accuracy and effectiveness of GHM were evaluated through cross-validation
and comparisons with previous related interpolation models, including OK, KED and
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StK. The remainder of this paper is organized as follows. Section 2 describes the whole
process of GHM for interpolation. Section 3 presents the implementation of GHM for
the interpolation of marine chlorophyll in Townsville, Queensland, Australia. Section 4
discusses the findings and research contributions, and the study is concluded in
Section 5.

2. Generalized heterogeneity model (GHM)

In this study, a Generalized Heterogeneity Model (GHM) was proposed to conduct
stratified spatial prediction while considering information from other strata. This sec-
tion is formulated as follows: concepts of GHM, development of the objective function,
process of solving the function, optimal neighboring search strategy and execution of
the GHM.

2.1. Concepts of GHM

Figure 1 shows the differences among classical geostatistical interpolation algorithms.
The geographical data were assumed to be distributed as lower on the left and higher
on the right. The interpolation theory of OK and KED is primarily based on spatial
dependence, constructing semivariance functions at a global level. StK considers the
existence of SSH by partitioning the space and constructing separate semivariance
functions in each stratum to improve the accuracy. P-MSN considers that information

Figure 1. Theoretical basis of the Generalized Heterogeneity Model (GHM) and the relevant mod-
els: OK (ordinary kriging), KED (kriging with external drift), StK (stratified kriging), P-MSN (point
mean of surface with stratified non-homogeneity) and ATAK (area-to-area kriging).
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between different regions is borrowed from each other using OK to construct a semi-
variance function of the point level between strata.

GHM has two theoretical innovations compared to previous studies: (1) GHM con-
siders the existence of strata boundaries (i.e. transition areas between strata) and the
spatial dependence of strata at the boundaries. The borrowed information is used to
improve the interpolation in these regions; (2) GHM borrows information from other
strata in the form of an area. This has the promise of introducing valid information
while avoiding interference information from other strata as much as possible.

2.2. Objective functions of GHM

Given that a spatially stratified area is divided into several homogeneous strata, the
interpolated value is the weighted sum of two parts: observations within the interpo-
lated stratum and observations outside the interpolated area. Assuming that spatial
division has already been conducted, and there exist several homogeneous strata, the
interpolated value is calculated as follows:

Ẑ0 ¼ Zin þ Zout ¼
Xn
i¼1

kiZi þ
Xnþk

j¼nþ1

kjZj (1)

where Ẑ0 is the interpolated value, Zin is the weighted sum of the observations in the
interpolated stratum, and Zout is the weighted sum of the observations in the other
strata. n is the number of observations in the interpolated stratum, and k is the num-
ber of observations in the other strata. Zi and Zj are the observation values, where ki
and kj are the weights of the observations.

Weight vector k includes the weights of all observations, which are characterized as
follows:

k ¼ kin , kout½ � ¼ k1,k2, k3 . . . kn, knþ1, . . . knþk½ � (2)

where kin is the weight vector of the observations in the interpolated stratum, consist-
ing of k1,k2, k3 . . . kn: kout is the weight vector of the observations in the other strata,
consisting of knþ1, . . . knþk:

The interpolated values are estimated using the solved weight vector. Similar to
other geostatistic models, two objective functions should be developed to obtain the
best linear unbiased estimation:

E Ẑ0 � Z0
� �

¼ 0
min Var Ẑ0 � Z0

� �(
(3)

By introducing the Lagrange multiplier, the two formulas are transformed into the
following determinants (Appendices A and B):

R1, 1 . . . R1, nþk ms1

R2, 1 . . . R2, nþk ms1

. . . � � �
Rnþk, 1 . . . Rnþk, nþk ms2

ms1 . . . ms2 0

2
66664

3
77775

k1
k2
. . .
knþk

L

2
66664

3
77775 ¼

R1, 0
R2, 0
. . .

Rnþk, 0

ms1

2
66664

3
77775 (4)

where Ri, j is the covariance between available observations i and jði, j ¼ 1, . . . , nþ kÞ:
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Ri, 0 is the covariance between interpolated point 0 and available observation iði ¼
1, . . . nþ kÞ, where ki is the weight of the ith observation. ms1, ms2 are the expecta-
tions of the variables inside and outside the interpolation stratum, respectively.

2.3. Solution

The matrix in the determinant (Equation (4)) describes three types of spatial depend-
ence: dependence of observations in the interpolated stratum, dependence of obser-
vations between the interpolated stratum and the other strata and dependence of
observations in the other strata. In geostatistical analysis, spatial dependence is
described using a semivariogram.

We defined two kinds of semivariograms: the within-semivariogram Sw and the
between-semivariogram Sb. Sw represents the spatial dependence of the observations
in the interpolated stratum. Sb describes the spatial dependence between the observa-
tions in different strata, regardless of whether the observations in the interpolated
stratum are included. In the equation for the determinant (Equation (4)), Sw includes
the covariance of all the pairs of observations in the interpolated stratum. Sw includes
the covariance between the two parts: observations in the interpolated stratum, and
observations in the other strata. The Sw of each stratum was calculated using OK
(Figure 2(c,d)).

Sb was solved by introducing ATAK. ATAK was initially used for interpolation using
polygon data. To build a semivariogram between polygons, the polygons are disaggre-
gated into points. The semivariogram between each pair of points is calculated and
regarded as a semivariogram between polygons (Gotway and Young 2002, Yoo and
Kyriakidis 2006). For example, in ATAK, the predictor of an area with an unknown
value is calculated using a linear combination of covariances between nearby areas.
The calculation of Sb in a stratum is the most important part of the GHM. First, all
observations are merged into different areas (Figure 2(e,f)). Each observation in the

Figure 2. Semantic figure of the GHM for interpolation, including the spatial division, solving of
the within-semivariogram Sw using OK, and the solving of the between-semivariogram Sb
using ATAK.
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interpolated stratum is regarded as an area with only one observation. Observations in
other strata are separately merged into their respective strata. Second, the semivar-
iance between the two areas is calculated using ATAK as follows:

R mi, mjð Þ ¼ R am, akð Þ ¼ 1PPm
s¼1

PPk
t¼1 ws � wtð Þ

PPm
s¼1

PPk
t¼1

ws � wtð ÞR us, utð Þ (5)

where �i and �j are the two observations, am is the stratum where �i occurs, and ak is
the stratum where �j occurs. If �i is the observation from the interpolated stratum,
then it is equal to am. us and ut are the observations of am and ak, respectively; Pm
and Pk are the numbers of observations of am and ak, respectively and ws and wt are
the weights of us and ut, respectively, which are usually equal to one. us and ut are
necessary to estimate the area from discretized points.

It should be mentioned that although the observations from other strata are
merged into several areas (i.e. strata), all observations are used to solve the spatial
dependence between the different strata. Thus, the fit between semivariograms con-
siders the spatial dependence in the interpolated stratum as much as possible and
borrows information from the other strata.

2.4. Optimal neighboring search strategy

In geostatistical models, only the number of nearest observations (Nmax) or observa-
tions within a certain range are used for interpolation, considering the computing effi-
ciency (Lichtenstern 2013). As shown in Figure 3(a), only locations near the strata
boundaries have neighboring observations from other strata and borrow information
from other strata. In this study, we define an observation that may have neighboring
observations from another stratum as a boundary observation, and if this condition
does not hold, it is a non-boundary observation.

The Nmax in the non-boundary area only controls information from the same stratum
because only observations in the interpolated stratum are used for interpolation (Figure 3(a)):

Ẑ0nb ¼ Zin ¼
XNmax

i¼1

kiZi (6)

where Ẑ0nb is the interpolated value in the non-boundary area.

Figure 3. Influence of the neighboring search range to GHM: (a) observations that do not include
borrowed information from other strata and (b) observations taking into account information from
other strata.
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In contrast, Nmax in the boundary area determines how much information is bor-
rowed from other strata (Figure 3(b)), because some neighboring observations are
from other strata:

Ẑ0b ¼ Zin þ Zout ¼
Xn
i¼1

kiZi þ
XNmax

j¼nþ1

kjZj (7)

where Ẑ0b is the interpolated value in the boundary area.
Therefore, different search ranges (e.g., the number of nearest observations for

interpolation) should be considered in the boundary and non-boundary areas. It is
necessary to separately optimize Nmax in the two areas. Optimal neighboring search
strategy for boundary and non-boundary observations is proposed in this study. First,
the boundary area of the interpolated stratum is identified (Figure 4(a)). For each stra-
tum, the observations inside are divided into boundary area observations (Figure 4(a),
dark color) and non-boundary area observations (Figure 4(a), light color). There are
many methods for identifying boundary observations, eg edge detection for remote
sensing images and buffer analysis of boundary lines. In addition, for sample point
data, boundary identification is conducted depending on the number of neighboring
observations from other strata or the distance to other strata. Second, after identifying
the strata boundaries, the optimization of Nmax in the boundary area (Figure 4(b)) and
non-boundary area (Figure 4(c)) is executed. Different Nmax values are set in the
boundary and non-boundary regions; then, GHM interpolation is executed to obtain

Figure 4. Nmax selection process: (a) identify the boundary area of the interpolated stratum; cross-
validation using different neighboring search ranges in (b) boundary areas and (c) non-boundary
areas and (d) selection of Nmax. The Nmax with the highest validation accuracy is selected and
labeled with a star.
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the interpolation accuracy using cross-validation. Finally, the Nmax values in the bound-
ary and non-boundary areas with the highest accuracy are selected as the final Nmax

values for GHM interpolation (Figure 4(d)).

2.5. Execution process of GHM

The execution process of interpolation using GHM is summarized as follows. First, a
large area, which is spatial second-order non-stationary, is divided into several homo-
geneous strata. The division process is conducted based on administrative units, geo-
graphical grids or expert experience and using clustering and image segmentation
algorithms (Likas et al. 2003, Gao et al. 2020). Second, the semivariograms for each
stratum are fitted. The variogram inside the stratum was fitted using OK. The vario-
gram between different strata was fitted using ATAK.

Third, Nmax optimization was conducted for each stratum. Finally, interpolation was
conducted for each stratum. The interpolated value for the locations in the boundary
area is the weighted sum of the neighboring observations inside and outside the stra-
tum. The interpolated values in locations at non-boundary areas are the weighted sum
values of the neighboring observations inside the interpolated stratum.

3. Case study: mapping marine chlorophyll using GHM

3.1. Study area and data

In this case study, we demonstrated GHM by spatial interpolation of marine chloro-
phyll in Townsville, Queensland, Australia. Marine chlorophyll data in the study area,
including 4136 observations, were collected by the Australian National Facility for
Ocean Gliders on 1 August 2010, which is a part of the Integrated Marine Observing
System (IMOS) (Davies et al. 2018). The IMOS ocean observing mission is focused on
the Australian coast and is critical for understanding the north-south transport of
freshwater, heat and biogeochemical properties. These data are collected by sensors
containing environmental information, such as temperature, chlorophyll, salinity and
turbidity at different locations and instrument depths. The chlorophyll content ranges
from 0.01 to 311.13, with an average value of 0.62, and the standard deviation is 5.12.
Figure 5 shows the location of the study area and the spatial distribution of the mar-
ine chlorophyll observations in the study area. Figure 5 shows that a significant num-
ber of observations are located in very close proximity, considering that there are
4137 observations but only a few hundred that can be visually distinguished.
Therefore, it is necessary to perform declustering prior to spatial modeling.

3.2. GHM-based interpolation

In this case, samples of marine chlorophyll observations are the only data used for
spatial prediction. It is difficult to collect explanatory variables to support this predic-
tion. Thus, the GHM provides an opportunity to accurately predict the spatial distribu-
tion of marine chlorophyll in the study area. The GHM-based interpolation of marine
chlorophyll includes the following six steps (Figure 6): data pre-processing, spatial
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division, semivariogram solving, Nmax optimization, spatial interpolation and accuracy
assessment. These steps are introduced in the following paragraphs.

The first step is data processing. All observations were up-scaled to 10m grids
using an average composite. Then a log transformation was conducted because the
original data approximately followed a log-normal distribution. Outliers were removed
by eliminating any observations that were more than twice the standard deviation
from the mean.

Second, a spatial division was conducted. An ideal partitioning result should have
the smallest intra-partition variance and the largest inter-partition variance. Thus, a
geographically optimal zones-based heterogeneity (GOZH) model was used to divide
the entire area into several homogeneous strata (Wang et al. 2010, 2016, Song et al.
2020a, Luo et al. 2021, 2022). The GOZH model is a SSH model that allows spatial
division that considers the maximum homogeneity within each stratum. Spatial

Figure 5. (a) Study area and (b) spatial distribution of marine chlorophyll samples in the study
area. Observations with chlorophyll values out of the color legend (0 to 1.5) are shown as
grey dots.

Figure 6. Flowchart of interpolation using GHM.
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division is regarded as an optimization task in the GOZH model and is formulated as
follows:

X ¼ Max 1� SSW
SST

� �
(8)

where X is a measure of the spatial stratified heterogeneity, SSW is the sum-of-squares
within the stratum, and SST is the sum-of-squares total of marine chlorophyll in the
whole study area. In the GOZH model, X was solved step-wise, with the same opti-
mization objective, and was used to split the process of the Classification and
Regression Tree method (Chipman et al. 1998, Luo et al. 2022). Spatial division was
conducted after X was determined.

The spatial division guided by GOZH maintains spatial homogeneity inside each
stratum as much as possible. Thus, the large spatial second-order non-homogeneous
area was divided into several homogeneous strata. During the spatial division process,
longitude and latitude were the two explanatory variables for marine chlorophyll. The
entire study area was divided into several strata according to longitude and latitude
using the GOZH model.

After the spatial division of the observations, a spatial division in the area without
observations was conducted. In this study, we created a Voronoi diagram, using all
the observations, in which the area of each diagram belongs to the same stratum as
the corresponding observation. It should be noted that the GOZH-based spatial dis-
cretization method is not compulsive to be used in GHM. The optimal spatial discret-
ization method should be selected according to the research question and
corresponding expert knowledge. We chose the GOZH and Voronoi diagrams because
they are intuitive and straightforward, obtaining the greatest non-homogeneity
between different strata.

Third, the within- and between-semivariogram in each stratum was solved using OK
and ATAK, respectively. For each stratum, the within-semivariogram Sw describes the
spatial autocorrelation of all observations. The R package ‘gstat’ was used to build the
semivariogram. The Sw varied with the strata. For a specific stratum, all observations
inside were transformed into an area with a uniform value, and all other strata were
merged into an area. Then, ATAK was used to construct a semivariogram between
these areas. The R package ‘atakrig’ was used to conduct ATAK.

Fourth, the boundary observations were identified according to the number of
nearest observations at other strata, and the optimal Nmax was selected based on
cross-validation. For a particular stratum, we counted the N nearest observations
around each observation. The proportion of N observations from the other strata was
then counted. We set a series of N values and chose 15 as the optimal value based on
visual inspection, ensuring that the derived boundary area had a reasonable number
of observations and a stable line structure. Hence, 15 neighboring observations were
calculated for each observation, and the boundary observation was identified if at
least one neighboring observation was from other strata. After identifying the bound-
ary areas, the optimal Nmax values for the boundary areas and non-boundary areas
were identified. To select the optimal parameter, the range of Nmax for the GHM is
from 10 to 15. Because the largest Nmax is smaller than 15, the identified non-bound-
ary observation would have no neighboring observations from other strata. For each
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stratum’s boundary or non-boundary area, we set a different Nmax and then performed
GHM interpolation to verify and calculate the interpolation accuracy. Finally, we
selected the Nmax with the highest accuracy as the final interpolation parameter. In
this study, leave-one-out cross-validation was used to optimize the parameters. Leave-
one-out cross-validation is a particular case of k-fold cross-validation, in which the
number of folds equals the number of observations (Wong 2015). Leave-one-out
cross-validation is widely used to assess the interpolation performance of geostatistical
models (Gong et al. 2014). Each observation was selected as the test set individually,
and interpolation at this location was conducted using all other observations. In this
study, the mean absolute error (MAE) derived from the leave-one-out cross-validation
was used to compare the interpolation accuracy in the boundary and non-boundary
areas to select the optimal Nmax.

Fifth, interpolation was conducted within each stratum using the solved variograms
and optimized Nmax. Finally, the performance of GHM was evaluated using the leave-
one-out cross-validation by comparison with three related geostatistical models, OK,
KED and StK, which were conducted using the R package ‘gstat’. In this study, StK
shared the same spatial division result as GHM to fairly compare the performance. The
semivariograms in OK and KED were solved using the R package ‘gstat’. StK shared
the same semivariograms at each stratum with the within-semivariogram of GHM. The
Nmax values for OK, KED and StK were selected according to sensitivity analysis. It
should be mentioned that there was only one Nmax in the entire study area for the
three models, for both the boundary and non-boundary areas.

3.3. Results

3.3.1. Data pre-processing and neighboring search optimization
This section presents the results of data pre-processing, spatial division and Nmax opti-
mization. Figure 7(a,b) shows the process of spatial division using the GOZH model.
The study area was divided into three strata, considering the highest homogeneity of
marine chlorophyll within each stratum. The boundary identification results are shown
in Figure 7(d). Most boundary observations were located in the regions from �18N�

to �18.5 N�.
Figure 8 shows the process of Nmax optimization for the three strata. In stratum A,

the MAE in the non-boundary area was higher than that in the boundary area. The
highest boundary MAE, at 0.635, corresponded to an Nmax of 10. The boundary MAE
decreased with an increase in Nmax and reached its lowest value when Nmax was 14.
However, the MAE in the non-boundary area was very stable, ranging from 0.460 to
0.462. The lowest value of 0.460 was obtained when the Nmax was 14. Compared with
stratum A, there was no significant pattern of Nmax in stratum B. The boundary MAE
had the lowest value (0.435) when the Nmax was 13. The non-boundary MAE had the
lowest value (0.372) when the Nmax was 11. In stratum C, the MAE in non-boundary
was far higher than that in the boundary area, ranging from 0.516 to 0.529. Here, the
lowest non-boundary MAE (0.516) corresponded to an Nmax of 14. The boundary MAE
increased with an increase in Nmax from 10 to 15 and decreased slightly when Nmax

was 16. The lowest value, which is 0.268, corresponded to an Nmax of 10.
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Table 1 lists the geostatistical parameters of the four models. The variogram of the
original value was used by OK, and the variogram without drift was used by StK. For a
specific stratum, the within-semivariogram Sw and between-semivariogram Sb charac-
terize the spatial dependence within the interpolated stratum and between different
strata, respectively. These two variograms were used by the GHM. In addition, the
within-semivariogram Sw was also used by StK in each stratum.

3.3.2. Accuracy assessment and interpolation results
Table 2 shows the accuracy of the four models in the entire area, boundary area and
non-boundary area. The two stratified models, StK and GHM, had better interpolation
performance than the non-stratified models OK and KED. GHM had the highest

Figure 7. Data pre-processing and spatial division: (a) spatial division process based on the GOZH
model; (b) box plots of marine chlorophyll data distribution in the divided strata; (c) observations
belonging to three divided strata and (d) observations belonging to boundary and non-bound-
ary areas.

Figure 8. Selection of the optimal neighboring samples. Nmax is the number of the nearest obser-
vations used for interpolation: (a) stratum A; (b) stratum B and (c) stratum C.
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accuracy among the four models, with the lowest MAE and root-mean-square (RMSE)
values. The MAE values for the whole area, boundary area and non-boundary area
were 0.457, 0.374 and 0.476, respectively. The MAE of the GHM for the entire area was
6.1%, 5.3% and 1.7% lower than OK, KED and StK, respectively. The RMSE of the GHM
for the entire area was 6.3%, 5.6% and 1.9% lower than OK, KED and StK, respectively.
In addition, GHM performed better interpolation in both the boundary area and non-
boundary area. The MAE in the boundary and non-boundary areas for StK was 1.6%
and 1.9% higher than that of GHM, respectively. GHM takes into account information
from the other strata in the boundary, so the accuracy significantly increased, showing
that marine chlorophyll in boundaries between strata has a spatial dependency, lead-
ing to smooth change. Borrowing information between different strata is necessary to
improve the interpolation accuracy. The accuracy in non-boundary areas is increased
owing to the use of the optimal parameter for the search area in the GHM. The accur-
acy of KED was slightly higher than that of OK in terms of lower RMSE and MAE. The
MAE of KED was 0.83% lower than that for OK for the entire area. It performed better
in the boundary area than in the non-boundary area, with an MAE 2.0% lower than
that for OK.

Figure 9 shows the MAE in the boundary (Figure 9(a)) and non-boundary areas
(Figure 9(b)) in the three strata. The GHM produces interpolation with the highest
accuracy in all strata, especially in the boundary areas. The results showed that the
stratified interpolation model significantly improved the accuracy of the boundary
area. StK and GHM had lower MAE values than OK and KED. In the boundary area of
stratum A, the interpolation MAE of GHM was 0.463, which was 8.4%, 12.5% and
13.0% lower than that of StK, KED and OK, respectively. In the boundary areas of strata
B and C, the accuracies of GHM and StK were similar but were significantly higher

Table 2. Comparison of interpolation models, including OK, KED, StK and GHM, based on
cross-validation.

All area RMSE Boundary area Non-boundary

Model MAE RMSE R2 MAE RMSE R2 MAE RMSE R2

OK 0.485 0.626 0.392 0.415 0.563 0.440 0.501 0.640 0.376
KED 0.481 0.622 0.398 0.407 0.557 0.450 0.498 0.636 0.382
StK 0.465 0.600 0.424 0.380 0.509 0.531 0.485 0.620 0.397
GHM 0.457 0.589 0.439 0.374 0.505 0.536 0.476 0.607 0.414

Table 1. Variogram of marine chlorophyll data under different conditions: variogram of the ori-
ginal value (OK), variogram without drift (StK), between-variogram (GHM) at each stratum, and
within-variogram (GHM and StK) at each stratum.
Area Type of variogram Model Sill Nugget Range (km)

Whole Variogram of the original value Sph 0.38 0.20 3.64
Area Variogram without drift Exp 0.35 0.00 3.30

Within-variogram Sph 0.27 0.00 0.66
Stratum A Between-variogram Sph 0.29 0.00 1.39

Within-variogram Sph 0.23 0.00 1.41
Stratum B Between-variogram Sph 0.30 0.00 12.95

Within-variogram Sph 0.32 0.00 0.95
Stratum C Between-variogram Sph 0.40 0.00 11.30
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than those of OK and KED. In the non-boundary area, MAE was still slightly lower than
that of the other three models.

Figure 10 shows the interpolation results obtained by OK, KED, StK and GHM. Two
non-stratified models, OK and KED, had smooth interpolation results because the
study area was regarded as a whole, and only one semivariogram was built for the
two models. However, the spatial prediction contained bull’s eye patterns around
the samples. The interpolation result from StK avoided the bull’s eye patterns but
showed abrupt changes along the boundaries between the strata. StK conducted the

Figure 9. Comparison of the cross-validation MAE in different strata in the study area: (a) boundary
area and (b) non-boundary area.

Figure 10. Spatial interpolation results of four models: (a) OK; (b) KED; (c) StK and (d) GHM.
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interpolation in each region separately, and no information was borrowed from the
other regions. Another stratified model, GHM, had a smooth result along the bound-
ary, which was similar to the results of OK and KED. Ocean chlorophyll usually has a
smooth distribution; therefore, the continuous change along the boundary is reason-
able. In addition, the GHM avoided bull’s eye patterns. In summary, the results demon-
strate that our proposed GHM had the highest accuracy in both boundary area and
non-boundary area and avoided bull’s eye patterns and abrupt changes along the
boundaries, enabling more reasonable spatial interpolations.

3.3.3. Interpolation uncertainty analysis
Figure 11 shows the spatial distribution of the estimation error from the GHM (Figure
11(a)) and the difference in absolute error between the GHM and the other three
models (Figure 11(b–d)). As shown in Figure 11(b–d), GHM performed the best

Figure 11. (a) Spatial distributions of the estimated errors of GHM, and the error difference
between GHM and other models: (b) OK, (c) KED, (d) StK. An error difference lower than -0.05
means that GHM has better performance, and an error difference greater than 0.05 means the
compared model has better performance. An absolute error difference within 0.05 shows that GHM
has a performance similar to the compared model.
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estimation (blue and green) among the four interpolation algorithms in most observa-
tions. Figure 11(b) shows a comparison of GHM and OK. GHM achieved better results
at 51.5% of the observations than the other models. For the accuracy in the cross sec-
tion, the estimation accuracy of GHM was higher than that of OK, except near 146.3
E�. The average accuracy was higher in all the regions. The division between regions A
and B occurs near 146.3 E�. This indicates that the stratified process loses accuracy at
the boundary between the two regions. From the longitudinal section, the average
accuracy of GHM was higher than that of OK in most of the longitudinal cross sec-
tions. Figure 11(c) shows a comparison between GHM and KED. The average accuracy
of the GHM was higher than that of the KED in most of the longitude and latitude
cross sections.

Figure 11(d) shows the comparison of uncertainty for GHM and StK. Although the
accuracy of GHM was higher than that of StK in the vast majority of the observed
points, the absolute difference between the two estimation accuracies was not signifi-
cant. The accuracy difference curves were around the value of zero in both the longi-
tude and latitude cross sections. However, the uncertainty difference values were lower
than zero in the majority of the regions, indicating that GHM had a relatively higher
accuracy. It is worth mentioning that the accuracy of GHM was higher than that of StK
at the boundary, between the latitudes -18N� and -18.5 N�. This proves that the infor-
mation-borrowing strategy of GHM was essential for reducing interpolation uncertainty.

The estimation variance is an essential indicator of interpolation performance.
Figure 12(a) shows the variance in the observations derived from the GHM using

Figure 12. Cross-validation estimation variance of interpolations: (a) variance of GHM; (b) variance
comparison between GHM and StK and variance in (c) boundary and (d) non-boundary areas in
four models.
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leave-one-out cross-validation. The variance ranged from 0 to 0.8. We compared the
variance difference between the two stratified interpolation models, the proposed
GHM and StK (Figure 12(b)). The results show that the GHM had a lower variance in
most observations. GHM had a lower variance at 78% of boundary observations and
100% of non-boundary observations. A comparison of the error variance among the
four models at different strata is shown in Figure 12(c,d). Generally, the two non-strati-
fied models showed a higher average error variance than StK and GHM. Exceptions
were the non-boundary areas of strata A and C. GHM showed the lowest average vari-
ance in most areas, including all boundary areas. The average variance of GHM (0.19)
was significantly lower than that of the other models in the boundary area of stratum
B, which was 42%, 39% and 17% lower than OK (0.33), KED (0.31) and StK (0.23),
respectively. Two non-stratified models, OK and KED, had a lower variance in the non-
boundary area of stratum A.

The estimation variance from the final interpolation process was mapped to the
entire study area (Figure 13). Considering the estimation variance derived from leave-
one-out cross-validation, the two stratified models have lower error variance than the
non-stratified models. In the OK and KED models, the error variance at locations near
observations was significantly lower than that at locations in other areas. In some
areas with the highest estimation variance, such as the southwestern study area, GHM
and StK also had a relatively low variance compared with OK and KED. GHM and StK
had similar error variances in the non-boundary region because their interpolation

Figure 13. Spatial distributions of interpolation error variance derived from (a) OK, (b) KED, (c) StK
and (d) GHM.
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processes are quite similar apart from the boundary areas. GHM estimates interpola-
tions with lower variance along the boundary than StK, because the boundaries are
characterized and information from other strata is used in the GHM. However, in a
remote area of the boundary region in stratum C, GHM had a higher interpolation
variance than StK. The neighboring searching strategy arranges different Nmax values
to the boundary areas. The optimized Nmax is effective for improving the overall esti-
mation accuracy but may increase the uncertainty in the region close to the non-
boundary area.

In summary, the results show that GHM has the highest estimation accuracy in
terms of MAE and RMSE. GHM-based interpolations also had a lower variance, espe-
cially along the boundary regions. This demonstrates the effectiveness of the GHM
and the necessity of borrowing information for the stratified geostatistical model.

4. Discussion

Spatial prediction is a challenging task for geostatistical models given that spatial
second-order stationarity may be violated. Geographical variables tend to involve spa-
tial stratification, with homogeneity within the stratification. Although heterogeneity
exists between different strata, the stratification boundaries within geographical varia-
bles are bounded by spatial dependencies.

Previous studies have explored stratified interpolation algorithms, such as dividing
the study area into homogeneous strata and removing continuous drift. However, the
stratification process leads to information loss which limits the interpolation accuracy.
Several methods have been developed to conduct the stratified interpolation while
borrowing information from different strata. However, these methods ignore the spa-
tial dependence that exists in the transition area between regions. In addition, when
solving the kriging objective function, the constraints of these methods are typically
too strong. In this study, we propose a GHM for interpolation in a spatially non-homo-
geneous large area. OK and ATAK were used to characterize the spatial dependence
inside the interpolated stratum and between strata, respectively. The study area was
divided into strata that were second-order stationary prior to interpolation. To inter-
polate each stratum, the semivariogram within the observations was solved using OK,
and the semivariogram between observations from different strata was solved using
ATAK. In addition, the boundaries between different strata were identified. The optimal
neighboring observations (Nmax) in the boundary and non-boundary areas was esti-
mated using leave-one-out cross-validation.

In this study, we demonstrated the GHM through spatial prediction of marine
chlorophyll in a study area in Australia. In similar cases, it is difficult to collect explana-
tory variables to support spatial prediction, and GHM performs well for spatial predic-
tion. The results showed that the GHM had the highest interpolation accuracy in
terms of RMSE and MAE. We found that the stratification strategy effectively improved
interpolation accuracy in a large area with spatial second-order non-stationarity. Two
stratified models, StK and our proposed GHM, had higher accuracies than OK and KED.
They also had similar interpolation results in non-boundary areas. The GHM performed
with a higher accuracy in the boundary area than StK. In addition, the interpolation
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result from StK exhibited a sharp change along the boundary, resulting from spatial
division. The GHM had a smoother estimation along the boundary because it bor-
rowed information from other strata. A comparison of the error variances from the
four models also verifies the necessity of information borrowing. The GHM had a lower
estimation variance along the boundary than the StK, reducing the interpolation
uncertainty. Apart from the three baseline models, we also compared the interpolation
performance between the GHM and another information-borrowing model, the
P-MSN. The results show that the MAE and RMSE of the P-MSN in the study area were
0.465 and 0.600, respectively. Its performance was similar to that of StK but lower
than that of GHM. In addition, the MAE of GHM was 3.5% and 1.5% lower than that of
P-MSN in the boundary and non-boundary areas, respectively. This indicates that the
interpolation performance of the GHM is generally better than that of P-MSN, and the
improvement is most evident in the boundary areas.

The main contributions of this study are summarized as follows: First, an effective
and practical method for large-area mapping was developed by combining OK and
ATAK. ATAK was used to characterize the spatial dependence between homogeneous
strata. The introduction of ATAK is highly effective in large-area mapping. Second, an
optimal neighboring search strategy was introduced to better borrow information
from other strata when constructing the between-semivariogram Sb. Third, the results
indicated that the influence of other homogeneous strata might be characterized as
an area effect.

Spatial second-order stationarity is challenging in large areas, and a single semivar-
iogram cannot reflect the real spatial dependence of the entire area. Dividing the
region into several homogeneous small regions is a straightforward way to improve
interpolation accuracy, which is the basic idea of StK. However, StK may lead to each
stratum having limited observations, which introduces the difficulty of fitting a semi-
variogram. In addition, conducting interpolation at different strata leads to a sharp
change along the stratum boundary. In some special environments, such as cliffs and
faults, environmental variables may exhibit sharp changes. In such a situation, spatial
division is conducted according to special geography, and the sharp change in inter-
polation results from StK might be reasonable. However, most geographical variables
change gradually in the real world, especially marine environmental variables such as
the chlorophyll selected in our case study. This sharp change is unreasonable for the
spatial distribution of most geographical variables. Borrowing information from other
strata along the boundary is the basic idea of the GHM, and its effectiveness was veri-
fied by our results.

However, there are still some limitations to this study. First, the methods used for
the spatial division and optimization of Nmax should be improved. Spatial division was
conducted using the GOZH model, which divides the study area according to the lon-
gitude and latitude. The division process may introduce uncertainty because the geo-
graphical environment usually does not have a spatial pattern similar to that of the
longitude and latitude. In this study, our primary aim was to propose and verify the
idea of borrowing information using ATAK; therefore, only simple and straightforward
methods were used for these steps. More advanced and accurate spatial division algo-
rithms should be used in future studies, such as k-means and density-based spatial
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clustering of applications with noise (DBSCAN) (Hartigan and Wong 1979, Hahsler
et al. 2019). Second, the proposed method is a geostatistic interpolation model with-
out combining machine learning and other learning methods. As previous work has
proven the potential of machine learning in spatial interpolation (Zhu et al. 2020), we
will explore how to combine it with GHM to obtain better accuracy.

5. Conclusions

In this study, a Generalized Heterogeneity Model (GHM) was developed to improve
the spatial interpolation accuracy of data in large areas. The study space was divided
into several strata according to geographical distributions. The spatial dependence
within observations in the interpolated stratum was characterized by OK, and the spa-
tial dependence between observations from different strata was characterized by
ATAK. The results of the case study demonstrate that GHM had the highest accuracy
in terms of MAE and RMSE, compared with other widely used interpolation models,
including OK, KED and StK. In addition, the GHM avoided bull’s eye patterns and
abrupt changes along the strata boundaries.

This paper presents an effective approach for interpolating spatial second-order
non-stationary surfaces. We characterized the spatial dependence of different hetero-
geneous partitions by introducing ATAK, which we hope will inspire future spatial
interpolation and prediction. For large-scale regions, both natural and socio-economic
variables tend to exhibit spatial second-order non-stationarity, and the GHM method
has the potential to effectively interpolate and predict them spatially.
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Appendix A

E Ẑ0 � Z0
� �

¼ E
Xn
i¼1

kiZi þ
Xnþk

j¼nþ1

kjZj � Z0

0
@

1
A

¼
Xn
i¼1

kiE Zið Þ þ
Xnþk

j¼nþ1

kjE Zjð Þ � E Z0ð Þ

¼
Xn
i¼1

ki � 1

 !
�ms1 þ

Xnþk

j¼nþ1

kj �ms2

0
@

1
A

(A1)

where ms1, ms2 are the expectations of the variable inside and outside the interpolation stratum,
respectively. In this study,ms1 is the mean value of observations in the interpolated stratum, andms2

is the mean value of observations outside the interpolated stratum.
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Appendix B

The estimation error is transformed into the following equation using the residues:

Ẑ0 � Z0 ¼
Pn
i¼1

ki Zi �ms1ð Þ þ Pnþk

j¼nþ1
kj Zj �ms2ð Þ � Z0 �ms1ð Þ ¼Pn

i¼1
kiRi þ

Pnþk

j¼nþ1
kjRj � R0 (B1)

where Ri, Rj, and R0 are the residues of Zi, Zj, and Z0 after removing the expectations, respectively.
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(B2)

where Covinside is the spatial covariance function of the stratum to be interpolated, Covoutside is
the spatial covaiance function of all strata outside the stratum to be interpolated, and Covinside is
the spatial covariance function between the interpolated stratum and other strata.

To minimize the d2E as well as achieve the unbiased estimation (Equations (3) and (A1)), the
Lagrange multiplied was introduced to solve this optimization problem. The built Lagrange
function is as follows:

J ¼ d2E þ 2 L
Xn
i¼1

ki � 1

 !
�ms1 þ

Xnþk

j¼nþ1

kj �ms2

0
@

1
A

2
4

3
5 (B3)

There are three unknown variable sets: ki (i ¼ 1, 2, . . . n), ki (i ¼ nþ 1, nþ 2, . . . nþ k), and L.
The matrix includes totally nþ k þ 1 unknown values. Solving the matrix using the Lagrange
multiplier as follows:

oJ
2oki

¼
Xn
j¼1

kjCov Ri, Rjð Þ þ
Xnþk
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8>>>>>>>>>>><
>>>>>>>>>>>:

(B4)

These three equations are transformed as the matrix to be clearly understood, as follows:

R1, 1 . . . R1, nþk ms1

R2, 1 . . . R2, nþk ms1

. . . � � �
Rnþk, 1 . . . Rnþk, nþk ms2

ms1 . . . ms2 0

2
66664

3
77775

k1
k2
. . .
knþk

L

2
66664

3
77775 ¼

R1, 0
R2, 0
. . .

Rnþk, 0

ms1

2
66664

3
77775 (B5)

where Ri, j represents the CovðRi, RjÞ:
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